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Abstract
We consider type IIB string interaction on the maximally supersymmetric pp-wave
background and discuss how the bosonic symmetries of the background are realized. This
analysis shows that there are some interesting differences with respect to the flat–space
case and suggests modifications to the existing form of the string vertex. We focus on
the zero–mode part which is responsible for some puzzling string predictions about the
N = 4 SYM side. We show that these puzzles disappear when a symmetry preserving
string interaction is used.
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1 Introduction
The duality [1] between IIB string theory on AdS5 × S5 and N = 4 Super Yang–Mills
theory realized, for the first time, the idea that the planar limit of a quantum gauge
theory is equivalent to a classical string theory. However, string theory on the AdS5×S5
background remains still largely intractable and even the free spectrum for this case is not
known. Thus, most of the checks of the above duality have been done in the supergravity
limit (α′ → 0), where the gauge theory is strongly coupled (λ = g2YMN → ∞). In [2] a
concrete rule was given for comparing, in the λ→∞ limit, dynamical quantities on the
two sides of the correspondence and, since then, many checks of the AdS/CFT duality
have been performed.
In an apparently unrelated development [3], it has been shown recently that it is
possible to extend to supergravity the limiting procedure described by Penrose in the
case of pure gravity [4]. The nice feature of this limit is that it deforms a solution of the
classical equations of motion into a new universal wave-like solution. The Penrose–limit
of the AdS5 × S5 background in type IIB supergravity corresponds to the plane–wave
solution [5],
ds2 = −4dx+dx− − µ2
8∑
I=1
xIx
I(dx+)2 +
8∑
I=1
dxIdx
I , F+1234 = F+5678 = 2µ , (1)
which was initially obtained in [6] as a new background preserving all IIB supercharges.
Since, as showed in [8, 9], IIB string theory in the above plane–wave background is
solvable in the Green-Schwarz formalism, this limiting procedure turned out to be very
interesting for the AdS/CFT duality. This was first pointed out by Berenstein, Maldacena
and Nastase [7] who proposed that, on the Yang–Mills side, this limiting procedure
corresponds to focusing on a subset of the full spectrum of composite operators of N = 4
Yang–Mills.
The possibility to work with a tractable string theory showed a glimpse of the full
power of the AdS/CFT duality. In fact, the simple computation of the mass spectrum
in string theory gave an exact prediction for the conformal dimensions (∆) of the corre-
sponding gauge theory operators; that is the α′ dependence of the string masses translates
into a continuous function of the effective coupling interpolating, in the planar limit, be-
tween the weak and the strong–coupling behavior of ∆. This prediction has been checked
on the gauge theory side first at the perturbative level up to 2–loop order [10], and then at
all orders in [11]. The behavior of ∆ has been been studied also at the torus level [12, 13],
where the situation is more complicated due to a nontrivial mixing of BMN operators.
Of course, it would be very nice to extend the string theory analysis and obtain new
exact predictions for the N = 4 Yang–Mills theory. However, there are still two largely
unsolved issues preventing a straightforward application of the pp–wave/CFT duality
beyond the computation of conformal dimensions.
The first problem is that the background (1) gives rise to a free world–sheet theory
only in the light cone gauge. Moreover, a non–trivial R–R field can be handled, so far,
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only in the Green-Schwarz formalism1. In this approach the description of the string
interaction is quite involved already in the flat–space background and a general form for
the tree–level N–string amplitude is not known. However, in the 80’s a detailed analysis of
this formalism was carried out [15, 16] (see also Chap. 11 of [17] and references therein)
so that the first interesting amplitudes could be computed. Recently the IIB 3-string
vertex in the background (1) has been studied by the authors of Ref. [18] extending the
flat space analysis of [16].
A second problem in the pp–wave/CFT duality is represented by the dictionary be-
tween string and gauge theory dynamical computations. The rule given in [2] for com-
paring Yang–Mills Green functions and supergravity tree–level graphs does not seem
to be directly applicable to the gauge theory operators we are interested in, since the
corresponding supergravity excitations are confined far away from the AdS conformal
boundary. It is not even clear whether it is possible to extract from string theory the
complete Yang–Mills Green functions. Actually, contrary to what happens in the super-
gravity limit, we do not expect that this will be possible in general. A rule for comparing
string interactions and Yang-Mills results was proposed in [13]. This was further investi-
gated and generalized in [19]–[23]. The correspondence discussed in these papers involved
a particular class of BMN operators – the operators with scalar impurities only.
In this note we consider the extension of the pp–wave/CFT duality to BMN operators
of a different kind and, correspondingly, to different 3-string interactions. We mainly focus
on the string side with the aim of giving an explanation for the puzzle posed by the Yang–
Mills computation of [24], where a BMN operator containing a derivative impurity (DµZ)
has been considered explicitly for the first time. A detailed computation of its conformal
dimension is presented both at the planar and at the torus level, generalizing the ideas
and the results of [12, 13] to this new kind of BMN operators. It turns out that the result
coincides exactly with the one found for a purely scalar BMN operator. If this result
is interpreted via the unitarity argument presented in [13], one gets information about
the 3–string tree–level interaction that should be directly compared with the string cubic
vertex of [18]. However, as noticed in various points in the literature [13, 22, 23, 24], the
string interactions seems to be vanishing and would imply a zero torus-level contribution
to the anomalous dimension of the operator under study.
This is in conflict with the field theory result. A possible explanation of this mismatch
(beyond those suggested in [24]) is that the unitarity argument of [13] is incorrect and thus
cannot be reliably used to derive the 3–point function from the value of the anomalous
dimension. In fact, this possibility has been confirmed in the very recent literature based
on field theory calculations.
In this note, we examine the string theory side of the correspondence. Our main
point is that the light–cone quantization of string theory on the pp–wave background so
far considered does not realize in an explicit way all the symmetries of the background
1In [14] an alternative formalism has been applied to the case of pp–wave background. Even if this
looks like a promising step toward a covariant quantization, the presence of a non–trivial background
gives rise to a complicate world-sheet action, and explicit computations of string interactions in this
framework have not been done so far.
2
(1). Thus we propose that some modifications have to be made and that they affect the
structure of the zero–modes in the interaction Hamiltonian, which is the part responsible
for the puzzle described above. We argue that it is also possible that the non–zero mode
part of the vertex has to be modified.
The plan of the paper is the following. We start with a discussion of a discrete Z2
symmetry of the background (1) and its realization in the string quantization procedure.
We show that implementing this Z2 symmetry requires a modification in the choice of
vacuum and in the zero–mode structure of the interaction Hamiltonian. We then focus
on the part of the vertex relevant for computing amplitudes among string states without
any fermionic oscillator. On one hand we show that these modifications do not spoil the
exact matching between gauge and string theory found so far in the case of scalar BMN
operators. On the other hand we are able to reconcile the 3–point string computation
with the field theory result of [24]. In fact it turns out that amplitudes among string
states with only bosonic excitations display the SO(8) symmetry already present in the
bosonic part of the background (1).
2 The string interaction and its symmetries
In this section we will analyze the symmetries of the interaction Hamiltonian proposed
in Ref. [18]. As it is well known, symmetries play a crucial role in determining the string
interaction in the Green–Schwarz formalism. Contrary to what happens in the covariant
formalism, one does not have at his disposal a world-sheet BRST charge that can be
used to define vertex operators. Thus the strategy used in [15, 16] is to first look for a
string interaction realizing locally on the world–sheet all the kinematical symmetries of
the light–cone algebra. In the case of flat space, this implies that the string coordinates
are continuous at the interaction point and that the conjugate momenta are conserved.
By applying the same idea to the pp–wave background, in [18] it was shown that |H3〉
enjoys exactly the same features as in flat space–time, even if this is not the case for the
quadratic part of the Hamiltonian. Then one has to look at the dynamical part of the
supersymmetry algebra. It turns out that, in order to have a string interaction respecting
the dynamical supersymmetries, one has to add a particular prefactor term. Also in this
part, the analysis of [18] follows closely the flat space–time case [16]. However, the
bosonic symmetries of the background (1) are not those of flat–space and this suggests
to introduce some different choice in the treatment of the zero–modes, thus yielding a
different form of |H3〉.
2.1 The Z2 symmetry and the choice of vacuum
The point we want to stress is that the presence of a non–trivial R–R field in the
plane–wave background breaks the light–cone Lorentz symmetry SO(8) down to SO(4)×
SO(4)×Z2. The two SO(4) rotate the first and the last four directions among themselves
respectively, while the discrete Z2 symmetry swaps simultaneously the two groups of four
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directions
Z2 : (x1, x2, x3, x4) ↔ (x5, x6, x7, x8) . (2)
Of course one is free to define the action of Z2 in a different way, for instance by assigning
a minus sign to all the components of the r.h.s. of (2). These different choices, however,
are perfectly equivalent, since they differ just by a rotation in one of the two SO(4) and
generate the same SO(4)× SO(4)× Z2 group. Notice that the Z2 transformation above
is just a particular rotation in the full SO(8) group. Indeed, a generic SO(8) rotation by
an angle ωIJ is exp
(
iωIJM
IJ
)
, where MIJ are the standard SO(8) Lorentz generators.
For the vector representation MIJ = i(xI∂J − xJ∂I) and the transformation (2) is more
easily seen as the composition of two rotations: a first one with ω1 =
pi
4
(iσ2)⊗ 14×4 and
a second one with ω2 =
pi
4
(12×2 − σ3)⊗ 12×2 ⊗ (iσ2).
From this observation one can easily derive the explicit action of Z2 on the spinors.
Once a particular realization of the SO(8) γ–matrices is chosen, it is sufficient to use
the appropriate generators M IJ = −i
4
[γI , γJ ] in the above formula to find the rotation
matrix. As noticed in various points in the literature, computations get simplified if one
works with a specific representation where Π = γ1γ2γ3γ4 = 12×2 ⊗ σ3 ⊗ 14×4. This can
be realized as follows
γ1 = (iσ2)⊗ (iσ2)⊗ (iσ2)⊗ (iσ2) , γ2 = (iσ2)⊗ σ1 ⊗ (iσ2)⊗ 12×2,
γ3 = (iσ2)⊗ (iσ2)⊗ 12×2 ⊗ σ1 , γ4 = (iσ2)⊗ (iσ2)⊗ 12×2 ⊗ σ3, (3)
γ5 = (iσ2)⊗ 12×2 ⊗ σ1 ⊗ (iσ2) , γ6 = (iσ2)⊗ σ3 ⊗ (iσ2)⊗ 12×2,
γ7 = σ1 ⊗ 12×2 ⊗ 12×2 ⊗ 12×2 , γ8 = (iσ2)⊗ 12×2 ⊗ σ3 ⊗ (iσ2) .
From the above γ’s one can, as usual, construct the SO(1, 9) real and chiral Γ’s: Γ0 =
(iσ2)⊗116×16 and Γµ = σ1⊗γµ for µ = 1, . . . , 9, with γ9 =
∏8
I=1 γ
I . However, we will not
need the 10D Γ’s since all our spinors are both Majorana-Weyl and satisfy the light–cone
constraint (Γ0+Γ9)θ = 0. This constraint means that, with the chosen γ–representation,
only the first eight components of a spinor are non-vanishing. With the definitions (3),
one can easily verify that the Z2 reflection (2) simultaneously exchanges some components
of the 8–dimensional spinor:
θ3 ↔ θ4, and θ7 ↔ −θ8. (4)
Notice that the 2D string action in the light–cone gauge [8] is Z2 invariant, even if
the combination Π appears explicitely. In fact Π and Π′ = γ5γ6γ7γ8 = σ3 ⊗ σ3 ⊗ 14×4
have exactly the same action on the first eight components (those relevant for us). The
Z2 invariance of the string action is reflected at the level of the energy spectrum
2.
It is then natural to require that the Z2 symmetry (2) is preserved by the interaction
terms of the Hamiltonian. At first sight this seems obvious. In fact the construction
in [18] parallels the one of [16] and thus one may think to have a 3-string vertex which
2See the detailed analysis of [9] and in particular tables I and II, apart from the typo in b⊖ij(6), whose
SO(4)× SO(4) labels should be (1,−1)× (0, 0).
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is invariant under the full SO(8). However this is not the case. In the notations of [18]
and [23], the 3-string vertex reads:
|H3〉 =
[
KIK˜Jv
IJ(Λ) Ea E
′
b E
0
b
]
|0〉1 ⊗ |0〉2 ⊗ |0〉3 . (5)
For our purposes, we have separated the contributions of the fermion non-zero modes E ′b
and of the fermion zero modes E0b . We will argue below that (5) does not respect the Z2
symmetry of the background and that both |0〉1⊗|0〉2⊗|0〉3 and E0b have to be modified.
The point is that the Lorentz structure of the operator inside the square brackets
is very similar to the flat–space vertex, the only novelty being the presence of the Z2-
invariant combination Π. Thus the expression in the brackets commutes with the Z2
generator. However one has still to define the action of (2) on the “vacuum” state |0〉
defined by
an|0〉 = 0, ∀n, bn|0〉 = 0, n 6= 0, θ0|0〉 = 0. (6)
In order to have a Z2 preserving interaction it is natural to define
Z2|0〉 = |0〉 . (7)
This choice also guarantees that in the limit µ→ 0, one smoothly recovers the flat space
theory, where the vacuum is a SO(8) scalar. However, the innocent looking choice (7) is
quite strange. In fact, as shown in [9], |0〉 preserves the full SO(8) symmetry, since it is
defined as θa0 |0〉 = 0, but it is not the state of minimal light–cone energy |v〉. Its energy
is given by 4µ. The vacuum state |v〉 with zero energy is defined by
an|v〉 = bn|v〉 = 0 ∀n. (8)
The definition of the “zero–mode” oscillators ba0 in terms of the θ
a
0 is given in Eq. (19).
This implies that |v〉 is related to |0〉 as follows (for example, for positive p+):
|0〉 = θ50 θ
6
0 θ
7
0 θ
8
0|v〉 . (9)
The relations (4), (7) and (9) imply that |v〉 is odd under Z2, since we found that under
this transformation θ7 and θ8 are exchanged. We note that the minus sign arising from
the action of Z2 on the product of θ’s above does not depend on the particular realization
of the γ-matrices chosen in (3). The specific form of the action may change, but the minus
sign is always present. This is consistent with the supergravity analysis of [9] where the
polarizations of the string “massless” states are mapped into the various supergravity
states. One can check that the lowest energy field h is odd under Z2. This flip of sign
in the field matches with the fact that the product of the four θ’s in (9) represents the
polarization of the field.
Thus |v〉 and |0〉 cannot have the same Z2–parity. With the choice (7) |0〉 is Z2-
invariant. However this assignment is puzzling both on the string and the gauge theory
side. On the string side, defining |0〉 to be a scalar is natural only in flat–space where
all the supergravity modes are degenerate in energy and |0〉 plays a special role, being
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SO(8) invariant. In the pp–wave background, however, (7) is not natural because the
zero–modes are not degenerate in energy; it is the state |v〉 that plays a special role
because it represents the real vacuum of the theory (i.e. the state of minimal energy and
supersymmetry preserving). The conventional choice in string quantization is to define
the vacuum to be invariant under all the symmetries of the background (including the
discrete symmetries, present, for instance, in orbifold compactifications). This choice is
also supported by the analysis of different, but closely related, setups3.
The assignment (7) is also puzzling from the point of view of the string/gauge–theory
correspondence. In fact, |v〉 corresponds to the operator OJvac ∼ trZ
J which is naturally
defined to be Z2 invariant, since it does not have any Lorentz index along the directions
where the Z2 action is non–trivial.
Thus, there are two reasons why one should change the quantum number assignment
of |v〉 and declare it to be a SO(4)× SO(4)× Z2 scalar. The first reason is to construct
a string interaction explicitly realizing the SO(4)× SO(4)×Z2. The second reason is to
keep a close relation with the gauge–theory correspondence. In particular,
Z2|v〉 = |v〉 ⇔ Z2|0〉 = −|0〉 . (10)
This change however is not without consequences since it implies that the 3–string inter-
action (5) does not preserve the Z2 invariance of the background (1). Notice that, since
Z22 = 1, (7) and (10) are the only 2 possible assignments, if one insists that |v〉 is an
eigenstate of Z2.
In summary, the more desirable choice (10) is possible only if the form of the inter-
acting Hamiltonian (5) is modified too.
2.2 The string interaction H3
The existing form (5) for |H3〉 and its behavior under Z2 are responsible for a few puzzling
features noticed in the literature. The authors of [13] noticed that 3-string amplitudes
involving only states dual to scalar BMN operators have a relative minus sign with
respect to other amplitudes involving only operators with derivative impurities. Even
more puzzling, it seems that string theory predicts a vanishing 3-point interaction when
the incoming state is dual to an operator with one scalar and one derivative impurity.
These properties of the string amplitudes have been checked by explicit computations [19,
22, 23], and follow from the vacuum choice (5) and the γ-matrix relations
8∑
K=1
γiK[abγ
jK
cd] = δ
ijǫabcd ,
8∑
K=1
γi
′K
[ab γ
j′K
cd] = −δ
i′j′ǫabcd ,
8∑
K=1
γiK[abγ
j′K
cd] = 0 , (11)
3For instance, the pp–waves background supported by a NS–NS flux were reconsidered in [26] with
the goal of studying the holographic properties of these backgrounds. These pp–waves can be analyzed
by means of CFT techniques in the RNS quantization, and it turns out that the ground state is always
invariant under all discrete symmetries of the background. Moreover, it is interesting to note that
the Matrix String Theory analysis of certain pp–wave backgrounds also yields a symmetry–preserving
interaction [27].
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where the spinor indices a, b, . . . are restricted to be in the positive Π–chirality (i.e.
a = 1, . . . , 4) or in the negative Π–chirality (i.e. a = 5, . . . , 8) subspace, while the vector
indices i, j run from 1 to 4, i′, j′ from 5 to 8 and K runs from 1 to 8. Eq. (11) is derived
by a direct computation from the γ–matrix realization (3) and the relative minus sign
between the first two relations is responsible for the puzzling features described above.
However, in order to see the effects of the minus sign in Eq. (11), one does not have to
go through the γ–matrix algebra. It is sufficient to use the transformation rules under
Z2 of the 3–string amplitudes. Let us define the string amplitude
AIJ :=
(
〈v, p+3 |α
I
n(3)α
J
−n(3) ⊗ 〈v, p
+
1 |α
I
m(1)α
J
−m(1) ⊗ 〈v, p
+
2 |
)
|H3〉, (12)
and consider the string amplitudes Aij , Ai
′j′. The oscillators4 inserted in Ai
′j′ are just the
Z2 images of those inserted in A
ij . Moreover the operatorial content of the interaction (5)
is Z2 invariant. Thus one can insert Z
2
2 = 1 in the amplitude A
ij and relate it to Ai
′j′
with a coefficient of proportionality of (−1)3. In fact, the states |0〉 and |v〉 cannot be
even at the same time and the factor of (−1) comes either from the action of Z2 on
the external states or from the action on the kets in |H3〉, according to the Z2–parity
chosen for |v〉. Thus one is led to the conclusion that Aij = −Ai
′j′. A similar argument,
where one uses in addition the SO(4)×SO(4) invariance and the fact that the exchange
(n,m) → (−n,−m) leaves invariant the oscillator contribution, implies that the mixed
amplitudes Aij
′
= 0 5. Through more direct computations, these features of the vertex (5)
were also noted in [22, 23, 24].
It is clear that, in order to obtain a different result for the amplitudes, it is not
sufficient to switch from choice (7) to (10) keeping the operator part of |H3〉 unchanged.
So we will modify the operator part of |H3〉 in order to construct a string interaction where
both the 3-point vertex and the vacuum are Z2-invariant (as it happens in flat–space with
the SO(8) invariance).
For this purpose, we just need to focus on the fermionic zero–modes. This part is
constrained by the requirements that the string coordinates θ are continuous and that
the conjugate momentum λ is conserved. This means that we should find a state |δ〉 in
the product of the three Hilbert spaces of the external strings satisfying simultaneously
3∑
r=1
λa0(r)|δ〉 = 0 ,
3∑
r=1
p+r θ
a
0(r)|δ〉 = 0 , (13)
where λ(r) are the conjugate momenta of the fermions θ(r). The solution of [18] is basically
unique if one wants to keep the SO(8) invariance. However, in the pp–wave background
4As already said we follow the conventions of [18] or [23] and denote with αn the BMN string oscillators
and with an the oscillators usually employed in the string vertex. The relations are αn =
1√
2
(a|n| −
i sign(n)a−|n|), for n 6= 0 and α0 = a0.
5We emphasize that these relations for Aij , Ai
′j′ and Aij′ follow immediately from the fact that |0〉
is used in the construction of the vertex (5), while the perturbative string states are built on the true
vacuum |v〉. Thus they are independent of the choice of Z2 parity assignment given to |0〉 and |v〉.
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the symmetry is reduced and it is the smaller symmetry SO(4)× SO(4)× Z2 that has
to be preserved. This can be achieved by choosing
|δ〉 =
8∏
a=1
(
3∑
r=1
λa0(r)
)
8∏
a=1
(
3∑
r=1
p+r θ
a
0(r)
)
|v, p+1 〉 ⊗ |v, p
+
2 〉 ⊗ |v, p
+
3 〉 . (14)
Here the fermionic delta function |δ〉 satisfies the constraints (13). In fact, because of mo-
mentum conservation
∑3
r=1 p
+
r = 0, the operators
∑3
r=1 λ
a
0(r),
∑3
r=1 p
+
r θ
b
0(r) anti-commute
for all a, b. Therefore in checking (13), one always encounters the square of a fermion
oscillator and (13) are satisfied. Notice that in Eq. (14) it is crucial to use the SO(8)
breaking vacuum |v〉. If the ground state |0〉 had been used in the r.h.s. of (14), one
would have found a trivially vanishing result. Thus our proposal is to use this new solu-
tion to the fermionic constraints (13) and replace the combination E0b |0〉1⊗ |0〉2⊗ |0〉3 in
the vertex (5) with the fermionic delta-function defined in (14):
|H3〉
new =
[
KIK˜Jv
IJ Ea E
′
b
]
|δ〉 . (15)
However the explicit form of KI , K˜J and v
IJ is likely to be different from the one of
flat–space. For the purposes of this letter we will only need to assume that vIJ contains
a constant term proportional to δIJ .
2.3 Consequences on the bosonic amplitudes
An immediate advantage of the above modification is that now the zero-mode structure of
the interaction Hamiltonian is Z2–even with the natural choice (10). Thus the argument
yielding Aij = −Ai
′j′ cannot be applied if (14) is used and one can hope to avoid the
puzzling features deriving from the interaction (5). Now we will prove that this is indeed
the case.
Let us focus on string amplitudes involving external states built with only bosonic
oscillators acting on the true vacuum |v〉. In this case we will not need the precise form
of the prefactor vIJ . In fact, as noticed in [16] the prefactor can only contain creation
oscillators. The lowering modes are irrelevant since they can read the vacuum structure
of the vertex. The creation modes are defined with respect to the vacuum chosen in the
interaction Hamiltonian. Since we write the string vertex in terms of the new zero–mode
structure (14), the prefactor can only contain a† and b† oscillators. If we use external
states with no fermionic oscillators, all the terms in the prefactor containing b†’s will
not contribute to the amplitude, since they can act directly on the external states. This
means that the only term of the prefactor matrix vIJ we will need is the constant part
vIJ = δIJ . This is conflict with the form vIJ = ± δIJ , + for I, J = 1, 2, 3, 4, − for
I, J = 5, 6, 7, 8, as obtained in [22, 23], which would give the following string amplitudes
Aij = −Ai
′j′, Aij
′
= 0, if one uses |H3〉 in Eq. (5). (16)
On the other hand, it is clear that, due to the presence of the SO(8) invariant vIJ = δIJ ,
the string vertex (15) leads to
Aij = Ai
′j′ = Aij
′
, if one uses |H3〉new in Eq. (15). (17)
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Notice that these amplitudes are nonzero. To see this, let us denote the fermionic part
common to all of them by
F := 1〈v| ⊗ 2〈v| ⊗ 3〈v|
8∏
a=1
(
3∑
r=1
λa0(r)
)
8∏
a=1
(
3∑
r=1
p+r θ
a
0(r)
)
|v〉1 ⊗ |v〉2 ⊗ |v〉3. (18)
Without loss of generality, let us take p+1 , p
+
2 > 0, p
+
3 < 0. In terms of string oscillators
b’s, we have (apart from numerical factors)
θ0(r) ∼
1√
p+r
(
b0(r)
b
†
0(r)
)
, r=1,2; θ0(3) ∼
1√
|p+3 |
(
b
†
0(3)
b0(3)
)
, (19)
thus
8∏
a=1
3∑
r=1
p+r θ
a
0(r)|v〉1 ⊗ |v〉2 ⊗ |v〉3
= (p+3 )
2 · b1 †0(3) · · · b
4 †
0(3)(
2∑
r=1
√
p+r b
5 †
0(r)) · · · (
2∑
r=1
√
p+r b
8 †
0(r))|v〉1 ⊗ |v〉2 ⊗ |v〉3. (20)
The eight fermion creators have to be annihilated by selecting the corresponding eight
annihilators from the factor
∏8
a=1
∑3
r=1 λ
a
0(r). From the expression in terms of oscillators
λ0(r) ∼
√
p+r
(
b
†
0(r)
b0(r)
)
, r=1,2; λ0(3) ∼
√
|p+3 |
(
b0(3)
b
†
0(3)
)
, (21)
and {
∑2
r=1
√
p+r b
a †
0(r),
∑2
r=1
√
p+r b
b
0(r)} = −p
+
3 δ
ab, it is easy to obtain
F = (p+3 )
8. (22)
3 Discussion
In this note we proposed a modification in the treatment of the fermionic zero–modes
which explicitly satisfies all the symmetries of the plane–wave background. We also found
that the new form of the string vertex gives results in direct agreement with the expected
SO(8) symmetry of the bosonic excitations6. Moreover, the interaction vertex discussed
here matches in a simple way, from the string point of view, the explicit Yang–Mills
computation of [24]. However, one may think that even a small modification in the string
vertex could ruin all the subtle cancellations necessary to have a consistent realization of
the supersymmetry algebra on the interaction Hamiltonian. One may also worry about
the assignment (10), because it is not what is done in flat–space. Let us first make some
comments on this second issue.
6Notice, in fact, that the metric in (1) is SO(8) symmetric and the breaking of this group is just due
to a term in the fermionic Lagrangian coming from the R-R form.
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The change of the definition of the fermionic vacuum in the pp–wave background is
easy to understand. In fact an analogous change in the definition of the bosonic vacuum
has already been performed [18]. For strings in flat–space, one considers the eigenstates
of the position or momentum operator as possible vacua. In particular, it has been known
for a long time that the 3–string interaction contains the following vacuum structure [28]
|0〉f.s. =
3∏
r=1
|xI0(r) = 0; 0a〉 =
3∏
r=1
∫
dpI(r) |p
I
(r); 0a〉 . (23)
However, when µ is switched on in the world-sheet Lagrangian both the fermionic and
the bosonic coordinates acquire a potential term of the harmonic oscillator type. Thus
one cannot use the eigenstates of the position or momentum operator any more and has
to change the definition of the vacuum. As usual the combination ai = 1√
2m
(pi + imxi0)
is introduced and the vacuum is defined as ai|0a〉 = 0 (here m is, of course, proportional
to µ). This vacuum also appears [18] in the 3–string interaction, instead of the one (23)
typical of flat space. This is precisely what is usually done in quantum mechanics when
passing from a free particle to the case of a harmonic oscillator. What we are claiming is
that also on the fermionic side, a different vacuum |v〉 has to be chosen once a nonzero
µ is turned on. We also claim that the vacuum state |v〉 has to be a scalar in order to
realize explicitly the SO(4)× SO(4)× Z2 symmetry of the background.
The new realization of the fermionic constraints (14) may have consequences also on
the general structure of the vertex and, in particular, of the prefactor. The kinematical
part of the fermionic vertex can in principle be constructed exploiting the same idea used
for the zero–modes. In fact, one can just multiply |δ〉 by all the other modes of the two
fermionic constraints (momentum conservation and coordinate continuity) and obtain an
expression for E ′b in Eq. (15) satisfying all the kinematical constraints. On the other
hand, the explicit form of the prefactor is related to the realization of the dynamical
generators and is more subtle. However, there is also a technical reason to suspect that
the functional form of the fermionic vertex has to be changed with respect to the flat-
space case. In fact, following the computation of [16], one sees that the realization of the
supersymmetry algebra on |H3〉 requires the identity (θa0(1)− θ
a
0(2))|V 〉 = 0 (here with |V 〉
we indicate the ket state in the interaction Hamiltonian enforcing the string coordinate
continuity and momentum conservation). In flat space this identity simply follows from
the fact that the zero–modes θa(0) are all destruction operators, since the vacuum |0〉 was
used. Notice that this choice is basically forced by the requirement of SO(8) invariance.
On the pp–wave background, we have to use the real vacuum |v〉 to construct the vertex
|V 〉, so one may have to change this step of the derivation. Thus the presence of |v〉 may
affect the realization of the supersymmetry algebra on |H3〉, and the form of the prefactor
in the complete vertex may be different from that appearing in the flat–space expression.
Let us conclude by noticing that the vertex in Eq. (5) yields a third puzzling prediction
on the Yang–Mills side. In fact, beyond Aij = −Ai
′j′ and Aij
′
= 0 already discussed,
it turns out that all the amplitudes with external states dual to operators with just
fermionic impurities should vanish. This again looks strange from the field theory point
of view. This zero is not related to fermion zero–mode counting as the other two problems,
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but is instead a consequence of the full form of the interaction (5) where the vertex is
at least quadratic in the bosonic oscillators. We have presented evidence in the above
that the actual form of the functional prefactor may be different from the one of the
flat–space vertex. Thus in order to see what are the predictions of the parity conserving
interaction (15), we need to work out the exact form of the new KI , K˜I , vIJ and Λa.
Note added: The zero–mode structure (14) proposed in this paper was used to build
a full kinematical vertex in [29]. Two supersymmetric completions are possible for this
vertex and have indeed been discussed in subsequent literature. One was obtained in [30]
by requiring the continuity of the flat space limit µ→ 0, which implies assigning an odd
Z2 parity both to the string vacuum |v〉 and the prefactor. In [31] the resulting vertex
was shown to be equivalent to that proposed in [18, 23, 32, 33]. In [34] an alternative
solution is put forward, where the choice proposed in this paper of an even Z2 parity
for the string vacuum is mantained, and this symmetry is therefore realized explicitly
(i.e. both the interaction and the vacuum state are Z2–invariant at the same time). In
this approach, one gives up the smoothness of the flat space µ → 0 limit. In fact, this
second solution follows the behaviour of supergravity in AdS5 × S
5 more closely. The
idea is that, since the PP–wave background can be seen as an approximate description
of AdS5×S5, even for small curvatures, the 3–state interaction has to be compared with
the results in AdS5 × S5 rather than with the results of flat–space.
Concerning the comparison with the field theory description, two different approaches
have been proposed, [13] and [35] (see [36] for an updated discussion). This paper is placed
in the framework of [13], where string theory amplitudes are compared with field theory
correlators. This proposal was explicitely checked in [19, 20] for scalar BMN operators
and these computations were subsequently extended also to BMN operators containing
vector and fermion impurities [34]. Finally, we would like to remark that a more general
motivation for the proposal of [13] was provided in [37, 38] by considering the Penrose
limit of the AdS/CFT bulk–to–boundary formula of [2]. This approach was extended in
[39], where non–planar corrections to the gauge theory correlators are reproduced from
the string side.
Acknowledgments
CSC thanks Jan Plefka, Matthias Staudacher, Volker Schomerus, Stefan Theisen for
helpful discussion. We would like to thank Alberto Zaffaroni for a very important remark.
We acknowledge grants from ESPRC, Nuffield foundation, PPRAC of UK, NSC of Taiwan
and INFN of Italy, and the support of the European Union under RTN contract HPRN-
CT-2000-00131.
11
References
[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38
(1999) 1113], hep-th/9711200.
[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105,
hep-th/9802109.
E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.
[3] R. Gueven, Phys. Lett. B 482 (2000) 255, hep-th/0005061.
[4] R. Penrose, in Differential Geometry and Relativity, Riedel, Dordrecht, 1976.
[5] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Class. Quant. Grav.
19, L87 (2002), hep-th/0201081.
[6] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, JHEP 0201 (2002)
047, hep-th/0110242.
[7] D. Berenstein, J. M. Maldacena and H. Nastase, JHEP 0204 (2002) 013, hep-
th/0202021.
[8] R. R. Metsaev, Nucl. Phys. B 625 (2002) 70, hep-th/0112044.
[9] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 65 (2002) 126004, hep-th/0202109.
[10] D. J. Gross, A. Mikhailov and R. Roiban, Annals Phys. 301 (2002) 31, hep-
th/0205066.
[11] A. Santambrogio and D. Zanon, Phys. Lett. B 545 (2002) 425, hep-th/0206079.
[12] C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, Nucl. Phys. B 643
(2002) 3, hep-th/0205033.
[13] N. R. Constable, D. Z. Freedman, M. Headrick, S. Minwalla, L. Motl, A. Postnikov
and W. Skiba, JHEP 0207 (2002) 017, hep-th/0205089.
[14] N. Berkovits, JHEP 0204 (2002) 037, hep-th/0203248.
[15] M. B. Green and J. H. Schwarz, Nucl. Phys. B 218 (1983) 43.
[16] M. B. Green, J. H. Schwarz and L. Brink, Nucl. Phys. B 219 (1983) 437.
[17] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory.” Cambridge, Uk:
Univ. Pr. ( 1987).
[18] M. Spradlin and A. Volovich, Phys. Rev. D 66 (2002) 086004, hep-th/0204146.
12
[19] Y. j. Kiem, Y. b. Kim, S. m. Lee and J. m. Park, Nucl. Phys. B 642 (2002) 389,
hep-th/0205279.
[20] M. x. Huang, Phys. Lett. B 542 (2002) 255, hep-th/0205311.
[21] C. S. Chu, V. V. Khoze and G. Travaglini, JHEP 0206 (2002) 011, hep-th/0206005.
[22] P. Lee, S. Moriyama and J. w. Park, Phys. Rev. D 66 (2002) 085021, hep-th/0206065.
[23] M. Spradlin and A. Volovich, JHEP 0301 (2003) 036, hep-th/0206073.
[24] U. Gursoy, JHEP 0307 (2003) 048, hep-th/0208041.
[25] S. Minwalla, http://www.damtp.cam.ac.uk/strings02/avt/minwalla/, in
Strings 2002, July 15-20, Cambridge, U.K.
[26] E. Kiritsis and B. Pioline, JHEP 0208 (2002) 048, hep-th/0204004.
[27] G. Bonelli, JHEP 0208 (2002) 022, hep-th/0205213.
[28] S. Sciuto, Lett. Nuovo Cim. 2 (1969) 411.
A. Della Selva and S. Saito, Lettere al Nuovo Cimento 4(1970), 689.
[29] C. S. Chu, M. Petrini, R. Russo and A. Tanzini, Class. Quant. Grav. 20 (2003) S457,
hep-th/0211188.
[30] A. Pankiewicz, JHEP 0306 (2003) 047, hep-th/0304232.
[31] A. Pankiewicz and B. . J. Stefanski, hep-th/0308062.
[32] A. Pankiewicz, JHEP 0209 (2002) 056, hep-th/0208209.
[33] A. Pankiewicz and B. . J. Stefanski, Nucl. Phys. B 657 (2003) 79, hep-th/0210246.
[34] P. Di Vecchia, J. L. Petersen, M. Petrini, R. Russo and A. Tanzini, hep-th/0304025.
[35] D. J. Gross, A. Mikhailov, and R. Roiban, JHEP 05, 025 (2003), hep-th/0208231.
[36] R. Russo and A. Tanzini, hep-th/0401155.
[37] S. Dobashi, H. Shimada and T. Yoneya, Nucl. Phys. B 665 (2003) 94, hep-
th/0209251.
[38] T. Yoneya, hep-th/0304183.
[39] M. x. Huang, Phys. Rev. D 66 (2002) 105002, hep-th/0206248.
13
